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In answer to a question of Erdbs, it is shown that, given any triangle, there exists 
a subset of the plane of HausdorlT dimension 2 that does not contain any similar 
copy of the vertex set of the triangle. 61 1992 Academic Press, Inc. 
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1. INTRODUCTION 
The following problem was suggested to the author in a letter from 
P. Erdiis: How large can a subset E of the Euclidean plane be if there is no 
equilateral triangle with all three vertices in E? 
In view of the well-known result of Steinhaus, that any plane Lebesgue 
measurable set of positive measure contains a similar copy of any finite 
configuration of points, any such E must have plane Lebesgue measure 
zero. Thus the natural interpretation of the problem is how large the 
Hausdorff dimension of a set E can be if it does not contain the vertices of 
an equilateral triangle. To avoid pathological cases, it is necessary to 
impose some sort of measurability condition on E, for example, that E 
must be Bore1 or even closed. Indeed, using the axiom of choice, Ceder [ I] 
has shown that the plane may be decomposed into a countable union of 
disjoint sets, none of which contain the vertices of any equilateral triangle. 
There are some nice symmetrical examples of fractal sets that just fail to 
contain the vertices of any equilateral triangle. The construction indicated 
in Fig. 1 consists of repeatedly replacing each open equilateral triangle by 
four open equilateral triangles of one-third the side length in the pattern 
shown. Let Ek denote the open set obtained at the kth stage, so that Ek is 
made up of 4“ open equilateral triangles of side 3 -k, and let E = fir=, E,. 
Routine methods show that E has Hausdorff dimension log 4/lag 3. 
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FIGURE 1 
However, if an equilateral triangle has all of its vertices in E, an induc- 
tive argument shows that they must lie in the same open triangle of Ek for 
k = 0, 1) 2, . ..) a contradiction. 
The curve of Fig. 2 is a “slightly flattened” version of the familiar 
von Koch curve. Take 8 > $c. The curve E(B) is obtained by repeatedly 
replacing the middle third of each line segment by the other two equal 
sides of an isosceles triangle with apex angel 8. It is easy to see that the 
Hausdorff dimension of E(8) approaches log 4/lag 3 as 8 A, fz, and an 
argument like that of the previous paragraph shows that E(0) contains the 
vertices of no equilateral triangle provided that 0 > frc. 
In view of such examples of dimension log 4/lag 3 (or close to it) that 
only just fail to contain the vertices of an equilateral triangle, it came as a 
surprise to realise that there are closed sets of Hausdorff dimension 2 con- 
taining no equilateral triangles. Indeed, given any non-degenerate triangle 
T, there is a closed set of dimension 2 not containing a similar copy of T. 
Our construction involves a combination of techniques from the general 
theory of fractal geometry. 
FIGURE 2 
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2. HAUSD~RFF DIMENSION AND ITS PROPERTIES 
In this section we collect together the basic properties of Hausdorff 
dimensions that we require. For full details, see Falconer [3]. 
Recall that if 0 <s < II and E c R”, the s-dimensional Hausdocfr (outer) 
measure of E is defined as 
7~ 
H”(E) = lim inf 
6-O 
c (diam U,)‘: EC fi U, and diam( Uj) < S for all i 
,= I r= I 
Then the Hausdorff dimension of E is 
Hausdorff dimension generalises the classical notion of dimension for 
smooth subsets in Iw”. In particular, we have the following proprieties: 
PROPERTY 1 (Alfine transformations). Let f: R” -+ R” be a (non- 
singular) affine transformation. Then dim f(E) = dim E. 
Proof: See Falconer [3, Chap. 21. 
PROPERTY 2 (Products with lines). Let E c KY” be a Bore1 set. Then 
dim(E x [w) = 1 + dim E. 
ProoJ: See Falconer [3, Chap. 71. 
We shall be concerned with the dimension of the intersection of two sets. 
Let G denote the group of all (non-reflective) similarity transformations on 
a8*. There is natural locally finite measure v on G, which may be regarded 
as the product of the normalised invariant measure on the congruence 
transformations with Lebesgue measure on (0, co) (regarded as the scaling 
factor). The measure v is equivalent to Lebesgue measure on any 
reasonable four-dimensional parameter space for the similarities. 
PROPERTY 3 (Intersection of sets). Let E, F be Borel subsets of [w*. 
Then 
dim(Eno(F))>dim E+dim F-2 
for a (measurable) set of similarities a of positive measure. 
Prooj See Kahane [4], Mattila [S], or Falconer [3, Chap. 81. 
Finally, we make use of the following example as a basis for our 
construction. For any subset A c IF! we write A + ; = (x + z: x E A} for the 
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translation of A by ; and D(A ) = ( /.Y - .\I(: .Y, J’ E A 1 for the distuwe SCJI 
of A. 
EXAMPLE 4. There exist compact sets A,, A, c IL! such that dim A, = 
dim A, = 1 and such that A, n (A, + c) contains at most one point for 
every z #O. Equivalently, D(A,)nD(A2)= {O}. 
Proof. Sets A,, A2 with these properties were given by Mattila [S] in 
his work on intersections. The sets A, and A, are each of the form n,?=, I,, 
where Z, is a union of disjoint equal closed intervals. By ensuring that the 
number of intervals of Z,, I contained in each interval of I, increases 
sufliciently rapidly, we can get dim A, = dim A, = 1, and by selecting the 
spacing of the intervals judiciously, we can arrange for the single point 
intersection property. 
3. THE CONSTRUCTION 
We need the following variant of Example 4. For any set A we write 
AA = {Ax: x E A} for the scalar multiple of A by A. 
LEMMA 5. Let E, > 0 be given. Then there exist compact sets B,, B, c R 
such that dim B, = dim B, = 1 and such that D(B,) n AD(B,) = (0) (where 
D(Bi) is the distance set of Bi). 
Proof. Take B, = IA, and B, = A?, where A, and A, are as in 
Example4. Then D(B,)=AD(A,) and D(B,)=D(A,), so K’D(B,)n 
D(B,) = (01, as required. 
We now construct a set of dimension 2 that contains no similar copy of 
a given triangle. 
THEOREM 6. Let x,, x2, X~E R2 be distinct non-collinear points. There 
oyists n romnact set E c R2 such that dim E = 2 and such that 
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measure. But the sets C, n a(Cz) are affmely equivalent to, and therefore 
have equal dimension to, C, n C; for each (non-reflective) similarity (T that 
is not a homothety, i.e., for each 0 that has a non-zero rotational compo- 
nent. But the homotheties have measure zero as a subset of the similarities, 
so it follows that dim E, = 2. 
Let L, be the first coordinate axis in lQ2, and let L, be the line through 
the origin at angle 8 to L1. Suppose that rr is a (non-reflective) similarity 
transformation such that G( {x1, x2, x,>) c EO and let 4 be the angle made 
by o([x,, x2]) with L,. Then g( [x,, x3]) makes an angle 4 + 0 with L, 
and so an angle 4 with L,. The projection of [0(x,), a(~~)] on L, has 
length Ia(x,) - a( lcos 41 E D(B,), since a(,~,), a(.~-,) E C,, and the pro- 
jection of [0(x,), a(~~)] on L, has length Ia(xI) - o(x3)( lcos 41 E @II,), 
since 0(x,), a(~~) E C,. 
As 0 is a similarity transformation, 
Id-~,) - 4-%)l lcos $4 = ,x, _ x3I b1 -x2’ la(x, ) - 0(x3)1 Jcos $41 
= 1 bbl) - e-3)1 lcos 41. 
Hence [o(x,)-~(x~)~ Jcos 41 E D(B,) nID(B,) = (0}, so cp = $c or zrc. 
Thus a( {x,, x2, x3)) $ EO unless the angle between a( [x,, x2]) and L, is 
$c or $t, 
By Property 3, dim(E, n p(E,)) = 2 for a set of (non-reflective) 
similarities p of positive measure. We may choose such a p with rotational 
component not equal to $ or $71; let E, = E, n p(E,J. Then for any non- 
reflective similarity 0 we have a( (x1, x2, x3}) $ EO unless G( [x,, xr]) 
makes angle $71 or $r with L,, in which case a({~,, x2, x3}) $ p(E,). 
Thus, always, 4 {x1, x2, .x3}) ct E,. 
To allow for reflective similarities, let E; be a mirror image of E,. Again 
by Property 3, there exists a non-reflective similarity T such that 
dim(E, n z(E;)) = 2. Then the set E2 = El n z(E;) contains no directly or 
reflectively similar copy of {x,, x2, x3}. It is clear from the various steps of 
the construction, that E, is a closed set. Finally, taking E = E2 n B, for suf- 
ficiently large r, where B, is the closed disc of radius r and centre the origin 
gives a compact set with the required properties. 
The result may be extended further, as follows: 
THEOREM 7. Let {x1, . . . . x,} be distinct points in R2, no three collinear. 
Then there exists a closed set Fc R2 such that a( { x, , . . . . x, >) n F contains 
at most two points for every similarity transformation 6. 
Proof. For each of the (;) triples (xi,xi,xk} (l<i<j<k<n) there 
exists a compact set Ei,j,k such that dim Ei,j,k = 2 and such that 
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a( [.Y,, s,, s,))nE ,.,, x contains at most two points for every similarity 0. 
Using Property 3 repeatedly, there exist similarity transformations p,, ,,A 
such that dim F= 2, where F = n,, ,,fi 0,. ,.k( E,, ,, k). But, for every similarity 
0, P~,,,~(E,,,,~) n oI-\.,, .y,, .xk li contains at most two points for each i, j, k. 
Hence Fn a(.~,, . . . . xN) can contain no more than two points for each o, 
as required. 
4. FURTHER REMARKS 
1. We leave open the question of whether there are plane sets of 
dimension 2 that contain no similar copies of three given collinear points, 
though this seems highly likely. Using that any plane set of dimension 2 has 
linear sections of dimension 1, it is not hard to see that this is equivalent 
to asking whether there are subsets of R of dimension 1 that contain no 
similar copies of a given triple. 
2. One can generalise the definition of Hausdorff measure and 
dimension by defining 
I?“(E) = lim inf 
ii-0 
f h(diam U,): EC fi Ui and diam( U,) < 6 
i= I r=, 
for any increasing function h continuous on (0, CC). We know from 
Theorem 6 that there are sets E not containing the vertices of any equi- 
lateral triangle with i@(E) = cc for h(t) = t’ --): for every E > 0. On the 
other hand, since 2’ is essentially plane Lebesgue measure, any set E 
with X"(E) > 0, where h(t) = t’, must contain the vertices of an equi- 
lateral triangle. What is the critical function h - is it something like 
h(f) = t2 log l/f? 
3. These problems can be considered in the “large” rather than in the 
“small.” Erdiis [ 11 asks what the “largest” plane set is that does not con- 
tain the vertices of any equilateral triangle of side greater than 1. Parallel 
methods to those of this paper may be used to show that there is a closed 
set E c R2 with this property such that lim, _ 7. m( E n B,)/rZ ~ ’ = ‘x, for all 
E > 0, where m is plane Lebesgue measure and B, is the ball of radius r, 
centre the origin. 
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